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Abstract Explicit exact analytic 
expressions are obtained for the 
electric potential distribution and for 
the electrostatic interaction energy for 
the system of two parallel dissimilar 
cylinders in an electrolyte solution on 
the basis of the linearized Poisson- 
Boltzmann equation. 
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Introduction 

So far we have demonstrated [1-6] that the linearized 
Poisson-Boltzmann equation can exactly be solved for 
various systems of two interacting charged spherical col- 
loidal particles in an electrolyte solution, i.e., two ion- 
penetrable spheres (which we call "soft" spheres) [1], a soft 
sphere interacting with an ion-impenetrable hard sphere, 
and two interacting hard spheres at constant surface po- 
tential and at constant surface charge density. On the basis 
of the obtained analytic expressions for the potential dis- 
tribution, we have derived explicit exact expressions for 
the interaction energy for these systems [1-6] without 
recourse to Derjaguin's approximation [7]. 

In the present paper, we apply the above method to the 
system of two parallel cylinders of various types, i.e., ion- 
penetrable (soft) cylinders and hard cylinders, the latter of 
which may have either constant surface potential or con- 
stant surface charge density. 

Linearized Poisson-Boltzmann equation 

Consider two parallel charged cylinders 1 and 2 of radii 
al and a2, respectively, separated by a distance R between 
their axes O1 and Oz, immersed in an electrolyte solution, 

as shown in Fig. 1, where H -- R - al - a2 is the closest 
distance between the surfaces of the two cylinders. We 
employ a cylindrical coordinate system. Let rt and r2, 
respectively, be the distances measured from any point 
P to the axis Oa of cylinder 1 and the axis 02 of cylinder 2, 
and 0~ and 02, respectively, be the angles between PO1 and 
0~02 and that between P02 and 01021 As a result of 
symmetry of the system, the potential ~ is a function of rl 
(or r2) and 01 (or 02) only. We use two cylindrical coordi- 
nate systems (rl, 0~) and (rz, 0z). Let the cylinders be either 
ion-penetrable cylinders (soft cylinders) or ion-impen- 
etrable cylinders (hard cylinders). For the case of soft 
cylinders, we imagine that the particle-fixed charges are 
distributed with a constant density p and that the relative 
permittivity of the internal region of the soft cylinder takes 
the same value as that of the bulk solution. We assume 
that the electric potential ~ at any point in the system, 
measured relative to the bulk solution phase (where ~ is 
set equal to zero), is low enough to obey the following 
linearized Poisson-Boltzmann equations, viz., 

A~ = tcz~, outside cylinders 1 and 2 (1) 

where ~: is the Debye-Hiickel parameter of the electrolyte 
solution. F o r  the internal region of each of the interacting 
cylinders, the equation for the electric potential ~ depends 
on the type of the cylinders. If cylinder i (i = 1 or 2) is soft 
(i.e., permeable to electrolyte ions), then the linearized 
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Cylinder 1 Cylinder 2 

Fig. 1 Interaction between two charged hard cylinders 1 and 2 of 
radii al and a2 at a separation R between their centers. 
H (=R - al - a2) is the closest distance between their surfaces 

Poisson-Boltzmann equation for lp is given by 

Alp  = /{2lp Pi , inside cylinder i , (2) 
gg0 

where e and eo are, respectively, the relative permittivity of 
the solution and the permittivity of a vacuum. If cylinder 
i (i = 1 or 2) is hard, on the other hand, the potential inside 
it obeys the Laplace equation, viz., 

Alp = 0, inside cylinder i .  (3) 

The boundary conditions are given below. If cylinder 
i (i = 1 or 2) is soft, then the boundary condition for lp on 
the surface of cylinder i is given as follows. 

~k and ~ are, respectively, continuous across the surface of 
on 

cylinder i ,  (4) 

the derivative of lp being taken along the outward normal 
to the surface of cylinder i. The boundary condition at the 
surface of a hard cylinder, on the other hand, depends on 
the type of the cylinder. If the surface potential of cylinder 
i (i = 1 or 2) remains constant at lpoi during interaction, 
then the boundary condition is given by 

lp = lpoi a t  r = a i . 

If the surface charge density ~ (instead of the surface 
potential ~//oi) of cylinder i remains constant during inter- 
action, then the boundary conditions become 

lp is continuous at r = a~, and 

8lp 8lp ai 
g i ~  r = a :  - -  ~ - r  r=a + = g ~ '  

where ei is the relative permittivity of cylinder i. 

Potential distribution for a single cylinder 

The potential distribution in and around a single cylinder, 
that is, an undisturbed potential distribution, is derived by 
solving the corresponding linearized Poisson Boltzmann 
equation for a single cylinder. If cylinder i (i = 1 and 2) is 
a soft cylinder, then the unperturbed potential outside and 
inside the cylinder lp }~ can be expressed in terms of the 
modified Bessel functions of the first and second kinds 
In (z) and Kn (z) as 

Ko(tCri) 
lp}0)(ri) lpoi g o  ( K a i - ~  ~ ,  t'i > at 

= (7) 
, Kl(Kai)Io(Kri) ~ 

- -  I~/oi - " -}- 2 ' Fi < a i  
Ko(/cai)I1 (/cai) e 

where lpoi is the unperturbed surface potential of cylinder 
i and is related to the density p~ of the fixed charges within 
cylinder i by 

i / / o i =  P l  aiKo(Kai)Ii(Kai). (8) 
g8o/r 

If cylinder i is a hard cylinder, then the unperturbed 
potential inside and outside the cylinder lp}~ (i = 1 and 
2) are given by 

lp}~ = 

Koi( /cr i )  
lpoi Kol ( K a i - ~  ' 

lpoi, ri --~ ai 

ri >- al 
(9) 

Here the unperturbed surface potential lpoi of the cylinder 
is related to the surface charge density at of cylinder i by 

--  O" i Ko(Kai) 
lpol ~:o Kt  (teal) " (10) 

Potential distribution for two interacting parallel cylinders 

Two soft cylinders 

Consider first the case where cylinders 1 and 2 are both 
(5) soft. Let the fixed-charge densities of cylinders 1 and 2 be 

Pl and P2, respectively. The linearized Poisson-Boltzmann 
equations for the electric potential lp for the present system 
are given by Eqs. (1) and (2), which are subject to the 
boundary condition (4). It can readily be shown that the 
solution to Eqs. (1) and (2) can be expressed as the sum 
lp = lp(t ~ + lp(2 ~ where lp}o)(i = 1 and 2)is given by Eq. (7). 
The potential distribution for two interacting soft cylin- 

(6) ders are thus simply given by the superposition of 
the unperturbed potentials produced by the respective 
cylinders. 
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Soft cylinder and hard cylinder 

Consider next the case where cylinder 1 is soft and cylinder 
2 is hard. Imagine that fixed charges are distributed within 
the soft cylinder 1 a t  a uniform density px. Let 0o~ and 0o2 
be the unperturbed surface potentials of cylinders 1 and 2, 
which are given by Eqs. (7) and (9), respectively. The 
electric potential 0 satisfies Eq. (1) for the outside of both 
cylinders, Eq. (2) for the inside of cylinder l and Eq. (3) for 
inside cylinder 2. 

Further, we treat the case where the surface potential of 
the hard cylinder 2 remains constant at 002 during interac- 
tion. The boundary conditions on the cylinder surfaces are 
given by Eq. (4) (with i = 1) for cylinder 1 and Eq. (5) (with 
i = 2) for cylinder 2. The sum of the unperturbed poten- 
tials, 0 = 0~~ 0(2~ where, 0~~ and 0(2~ 
respectively, are given by Eqs. (7) (with i = 1) and (9) (with 
i = 2), satisfies the boundary conditions (4) at the surface 
of the soft cylinder 1 but does not satisfy the boundary 
condition (5) at the surface of the hard cylinder 2. The 
reason is that the unperturbed potential 0~ ~ gives rise to 
a non-zero value at the surface of cylinder 2, which breaks 
the boundary condition Eq. (5) (with i = 2) at the surface 
of cylinder 2. One thus needs an additional potential 
0~1)(r2,02) so as to cancel 0~~ at the surface of 
cylinder 2 and the potential can then be expressed as the 
sum 

0 = O~~ + 0 (2~ + O]i)(r2, 82). (i I) 

Note that the boundary condition (4) (with i = 1) on the 
soft cylinder 1 is automatically fulfilled. 

In order to find the form of 011)(r2, 02), let us rewrite 
the potential ~]~ for the external region of cylinder 
1 (see Eq. (7)), viz., 

Kol (,~rl) (12) 
O~~ = 0ol KolOca~). 

on the basis of the (re, 82) coordinate system. We employ 
the following relation [-8]: 

Km(Kri)cos(mOi)= ~ Km+n(KR)In(tcrj)c~ 
n ~ --oo 

(i,j = 1,2; i =/j), r~ < R .  (13) 

The corresponding expression for the region rj > R is not 
needed for the calculation of the interaction energy be- 
tween two parallel cylinders. Using Eq. (13) with m = 0, 
Eq. (12) can be rewritten as 

1 ~ K, ffcR)t~ffcr2)cos(nO2). 0 82)= 

(14) 

(i) The additional term O ~ (r2, 02) must thus take the follow- 
ing form: 

oO 

0]1)(r2,02)= 0o l  ~' K~(KR)Gn(2)K.(Krz)cos(nO2) 
go(~caO ~ _ ~  

( i s )  

where Gn(i) (i = 1 and 2) is defined by 

I.OcaO 
Gn(i) = Kn(Kai ) . (16) 

Equation (15) indeed cancels 0(t ~ at the surface of cylinder 
2, i.e., 0(1~ 82) + 0(11)(a2, 82) = 0. Note that 0 ?  ) can be 
regarded as an image potential of 0~ ~ with respect to 
sphere 2. 

We thus find that the potential distribution outside 
both cylinders is given by 

KoOcrl) Koffcrz) 
0 = - -  + 0~ Ko(~cal) Ko(~az) 

0o2 ~, K.(~cR)G.(2)KnO~rz)cos(nO2) (17) 
+ Ko(IcaI--------J ~= 0o 

and the potential inside the soft cylinder 1 is given by 

0 = --t)ot Kl(~cai)lOOcrl) + Pl + 0o2 Ko0cr2) 
Ko(~Cal)Ii (tcat) ~eo~ 2 Ko0ca2) 

4 0o~ ~ K.OcR)Gn(2)K.(Krz)Cos(n02). (18) 
Ko( a3 . =_  

The potential inside the hard cylinder 2, on the other hand, 
is always equal to 0~ 

Similarly, when the surface charge density of the hard 
cylinder 2 remains constant at o-~ during interaction, the 
potential outside both cylinders and that inside cylinder 
2 are given by Eqs. (17) and (18) with G~(2) replaced with 
H~(2), where H~(i) (i = 1 and 2) is defined by 

//,(/cal) ~ (ei[n[/~tcal)l~(tcai) 
H~(i) = K~ff :a i ) -  (ei]nl/e~ca~)Kn(Kai)" (19) 

The potential inside the hard cylinder 2 is given by 

Oin2(r2, 82) = 002 4 Ko(tcal) ~=~ ~ ka2/ 

+ H.(2)K.(Ka~)] cos (toO2) . (20) 

Two hard cylinders 

Finally, consider the case cylinders 1 and 2 are both hard. 
We first treat the case where the surface potentials of 
cylinders 1 and 2 both remain constant at ~box and ~9o2, 
respectively, during interaction independent of R. The 
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boundary conditions are given by Eq. (5) with i = 1 and 2. 
In this case we need, other than ,/,(*) and ,/,(t) image Y' I  "/'2 ~ 
potentials of higher orders: ,h(2) i//(3), ,h(2) ,h(3) ' r l  ~ "'" ' ' t ' 2  ' ? 2  , " '" 
Thus we can write the external solution to Eq. (1) subject 
to the boundary conditions (5) with i =  1 and 2 in the 
following form: 

@ = I]/((3) -I- @(20) -I- (@i 1) -I- @(2) JI- 0(13) -[- "'" -I- @ i  2v) 

+ + "" ) + (G" + G + G 

"~- " "  -/- 0(22v) 27 @(2v+1) _~ ... ) ,  (21 )  

where @(o) and @(1~) are given by Eqs. (12) and (15), and 

r  
1 t r 2 ,  02 )  

__ @ol/d" [ "~ ~ '  ~ "'" ~"  L 2 i ( n l ' F / 2 ' " ' ' n 2 v - 2 )  
At%-o~.~al]  r12~ 1 = 111=-oo n 2 = -  o@ -co 

x K , ,  (KR) K . . . . .  + . . . . .  (KR) G . . . . .  (2) K . . . . .  (Kr2) 

X COS ( n 2 v -  1 02), (V = 2, 3 . . . .  ) ,  

0,) 

(22) 

__ @ol ~.a' ~ '  "'" '~  L21(n l ,  n9 "'" n2v) 
K@ ( g a l ) . ,  = - co n2= - o@ n2v = -- m 

xK, ,OcR)K~e .Ocr , )cos (n2~01) ,  (v = 1,2, ... ) ,  (23) 

with 

L21 (TZ1, n2, --., n2v) = K~, +.5 (KR)K,~ + 113(~cR) 

x . . .  x K . . . . .  + . . . . .  OcR)K . . . . . .  +.~,(KR) 

x G~,(2)G,~(1) x .-. x G . . . . .  (2)G.~(1), 

As for the potential inside the cylinders, we find 

@(~),(r,,O,) - - -  
r ~, (r_~]lnlK,,(~cR)[i~Oca~) 

K o ( K a 2 )  n = - c o  \ a l l  

+ H, (1 )K~Oca l ) ]  cos (toO1) , (26) 

o,, 
i~ltr~, K o ( ~ a l )  n= - o@ m co 

x Kn( R) K .  + 

X [ I m 0 C a l )  + Hm(1)Km(tCal)] c o s  ( m 0 1 )  , (27 )  

i / / (2v-  1) 
in1 ( r l '  01)  

Ko(Ka2) hi=- o~ ,12=-oo . . . . .  = -~  \ a a J  

x M12 (nt, n2, . . . ,  n2~- 1) K,~ OrR)K . . . . . .  + . . . . .  (tcR) 

x [I . . . . .  (~cal) + H .. . . .  (1)K . . . . .  (~cal)] cos(n2~- 101), 

= 2, 3 , . . .  ) ,  (28) 

_ _ _  
. . .  \ a ,  / (/J inl [rl, UI) Ko(Kal )  ~, = _ o@ ~ =  -oo n~.= - o@ 

x M21 (n 1, n2, . . . ,  n2~- 2) Km (~cR) K . . . .  ~ + . . . .  ,0oR) 

x K . . . . .  + n~ (*cR)H .. . . .  (2) [I,~(~:al) 

+ H~2~(1)Kn,~(~:al)] cos(n2~01), (v = 2, 3,. . .  ) .  (29) 

, (1)@ 02) ,  (2) ,/. ( 2v -  Expressions for ~'in2, e, @in2(r2, 02), tin2 1)(re, 02) and 
i//(2v)r in2(r2,02) can be derived by the interchange rl~+r2, 
0,+-~02, a,+-+a2, @o1<-->@o2 and H,(1)++H~(2) in Eqs. 
(26)-(29). Note that one can change the coordinate system 
from (rl,01) to (r2, Oz) and vice versa using Eq. (13). 

(24) Interaction energy between two parallel cylinders 

Expressions for @(21), ~'2'/'(2~-*', and 0(2,)can be derived by 
the interchange rl+-+r2, Ot*-~02, al*-+a2, @o1~-*@o2, and 
G,(1)+-+Gn(2) in Eqs. (15) and (22)-(24). The potentials 
inside cylinders 1 and 2 are always constant at Ool and @o> 
respectively. 

If, on the other hand, the surface charge densities of 
cylinders 1 and 2 maintain constant at as and a2, respec- 
tively, then the potential distribution is given by replacing 
L z l  by M2t and Gn(i) by H~(i)  in that for the constant 
surface potential case, where M2a is defined below. 

(25) 

M21 (nl ,  n2, . . .  , n20 = Kn,  + n~ (KR)Kn~ +n3 (KR) 

x -.- x K . . . . .  + . . . . .  (~cR) K . . . . .  +n~. (~cR) 

x Hn~(2)Hn~(1) x .. .  x H . . . . .  (2)Hn~(1). 

The free energy of the present system can be obtained by 
applying a method of Verwey and Overbeek [9]. The free 
energy of the system of two interacting cylinders is 
expressed as the sum of the free energies of the respective 
cylinders, the form F of which depends on the type of the 
cylinders. If cylinder i (i = 1 or 2) is a soft cylinder with 
a fixed-charge density Pi, then the free energy of cylinder 
i per unit length is given by 

1 
Fi = + ~ S PiO d V  , (30) 

v i 

where the integration of the product of the potential @ and 
Pi is carried out over the volume Vi of cylinder i per unit 
length. If cylinder i (i = 1 or 2) is a hard cylinder with 
a constant surface potential @oi, then the free energy of 
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cylinder i per unit length is given by 

1 ~ a~OoldS, (31) Fi = --2s,  

where cr~ is the surface charge density of cylinder i, which is 
not a constant but depends on the cylinder separation R. 
Finally, if cylinder i (i = 1 or 2) is a hard cylinder with 
a constant surface charge density ~ri, then the free energy of 
cylinder i per unit length is given by 

1 ~ aiOdS. (32) 
Fi = §  

Here the integration in Eqs. (31) and (32) is carried out 
over the surface S of the cylinder per unit length. Note that 
Eqs. (30)-(32), which correspond to the linearized form of 
the free energy expressions for the respective cases, are 
consistent with the linearized Poisson-Boltzmann Eqs. (1) 
and (2). The total free energy per unit length is the sum of 
the free energies Fa and/72 for the respective cylinders. The 
electrostatic interaction energy V(R) per unit length can 
thus be expressed as the free energy of the system of 
two cylinders 1 and 2 at separation R minus that at 
infinite separation, viz., V(R) = {F~(R) + F/(R)} - {Fl(oo) + 
F2 (co)}. 

Consider the case where both cylinders are hard. We 
first treat the case where the surface potentials of cylinders 
1 and 2 both remain constant at 0o, and 0o2, respectively, 
during interaction independent of R. On the basis of the 
above obtained results and the free energy expression (31), 
we finally obtain the required result for the interaction 
energy per unit length between two parallel hard cylinders 
with constant surface potentials 0o, and 002, viz., 

Ko(tcR) 
V(R) - 2rCeeo0o~ 0o2 

Ko(Kal)Ko(Ka2) 

1 ~ G~(2)K2(tcR~ + ~ee~176 Kg(~cal)~=-0o 

1 ~ Gn(1)K2(~R) + ;cee~ K~(Ka2).= _~ 

1 
+ 2rCeeo0ol 002 

Ko(tcaOKo(tCaz) 

x ~ ~ Gn(a)Gm(1)Kn(KR)I(n+m(KR)Km(KR) 
n = - c o m = - m  

1 
+ "" + neeo0o10o2 

Ko(tCal)Ko(Ka2) 

• 

n l =  - -  0 0  r 1 2  = - -  o ~  n 2 v =  - -  c o  

+ La2(nl, n2, ... , n2~)}Kn~(~cR)K~,(~cR) 

s s F 
. ,  = - ~  . 2 =  - o o  . . . .  ~ =  - ~ L K  o~(Ka,) 

xLzt(nl, n2 . . . . .  n2~ 2) G2,- 1(2) 

0~2 1 -t K2(~:a2) L12(nl, nz, ... , n2~- 2)a2v- 1(1) 

x Kn, (~cR)K ..... + ..... (~cR)K ..... (KR) +...  , (33) 

where L~2 is obtained from L21 by the interchange 
G,(1)~Gn(2) in Eq. (24). 

The interaction energy per unit length between hard 
cylinders 1 and 2 with constant surface charge densities al  
and cr z is obtained by replacing Gn(i) by Hn(i), L21~ by 
M21 and L12 by M12 in Eq. (33). Here M12 is obtained 
from M21 by the interchange Hn(1)*-*H,(2)in Eq. (25). 
Note that in this case the unperturbed surface potentials 
0oi (i = 1 and 2) are related to ai by Eq. (10). 

Results and discussion 

Equation (33) is an explicit exact expression for the inter- 
action energy between two dissimilar hard cylinders at 
constant surface potential. It can be shown that the leading 
term of the interaction energy, i.e., the first term on the 
right-hand side of Eq. (33), denoted by V(~ coincides 
with that obtained by the linear superposition of the un- 
perturbed potentials 0~~ and 0(2~ [11]. It is also of 
interest to note that if cylinders 1 and 2 were both soft 
cylinders, the interaction energy (calculated via Eq. (30)) 
would be given by only this term. If cylinder i (i = 1, 2) 
were not hard but a soft cylinder (with cylinder j kept hard 
(j  = 1,2; j ~ i)), then the interaction energy would be 
equal to the sum of only V(~ and V[1)(R), where the 
second and third terms on the right-hand side of Eq. (33) 
are, denoted by V~I)(R) and V(zl)(R), respectively. The 
interaction V[I)(R) depends only on the surface potential 
0oi of cylinder i (i = 1, 2) and can be interpreted as the 
interaction between cylinder i and its "image" with respect 
to cylinder j ( j  = 1, 2; j ~ i). Note that this image interac- 
tion is always attractive. If, on the other hand, the charge 
density on the cylinder surface (instead of the surface 
potential) remains constant during interaction, the image 
interaction may be either repulsive or attractive in contrast 
to the case where the surface potential remains constant. 

The expressions for the potential distribution and the 
interaction energy at constant surface charge density de- 
rived in the present paper correspond to the case of two 
surface-charged hard cylinders. It can readily be proven 
that the same expressions can be applied also for the case 
of two space-charged hard cylinders, i.e., to the case of two 
hard cylinders with constant space charge density except 
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for expressions for the unperturbed potential distribution 
inside the cylinders, 01~ and for the relation between 
the particle charge density p~ and the unperturbed surface 
potential 0oi. These expressions are derived as follows. If 
cylinder i (i = 1, 2) is charged at constant space charge 
density Pi, then the potential inside cylinder i must satisfy 

A0 _ Pi (34) 
,% So 

0 is continuous across the surface of cylinder i (35) 

"0~r r=a~ a0 r=V ei = e ~ r  (36) 

instead of Eqs. (3) and (4). On the basis of these equations, 
we obtain the following expressions for the relationship 
between p~, and 0oi: 

piai Ko(Kai) (37) 
0o~ = 2ei~o~C K s  (~:aO 

and for 0}~ 

Pi (a 2 _ r~), ri <_ ai . (38) 0 1 % 0  = 0oi + 

Finally, we give below approximate expressions for the 
interaction energy for the case where ~:as >> 1 and tea2>> 1. 
In this case, on the basis of Eqs. (A2) and (A3), it can be 
shown that Eq. (33) tends to 

V(R) ~ 2 x / ~  ggo0ol 0o2 ~ c a s a 2  exp( -  ~cH) 

__x/~ eeo exp(-2~cH) [ /~a2R 
R 0~ ~/R - a2 

/ ~casR ] (39) 
-}- 022a2 ~/R -- asJ  

for the constant surface potential case and to 

V (R) ~ 2 x / ~  eeoOoS 002, /~asa2 exp( -  ~cH) 

exp(-e~cH) [ k/~ca2R 
+ ~ e e o  e I//2s as R - - a 2  

- ~- ~a2(g - a2) 

-~- I//02 a2 1 -- - -  (40) 
N / R  - -  as e ~cas ( R -  as)  

for the constant surface charge density case. Further, at 
small particle separations H<<as and H<<a2, Eq. (39) 

reduces to 

V(R) ~ 2~eeo0oS0o2  / ~asa2 exp(--KH) 
Nas + a2 

- x/~ ~eo / - -~ !~  exp(_2KH)(0o2s + 0o22), (41) 
~/as + a2 

and Eq. (35) to 

V(R) ~ 2~ /~o~o10o2  / Kala2 exp(--tcH) 
X/as + a2 

/-- / Kal a2 
+ x/x e~o / exp( -  DcH) 

~/al + a2 

X 021 1 X~ e Ka2 ~ca2 

- - - [ -  (42) 

Equations (41) and (42) agree with results obtained 
via Derjaguin's approximation (see ref. [,13] for the case 
of identical cylinders at constant surface potential). 
Equation (37) shows that the next-order curvature correc- 
tion to Derjaguin's approximation is of the order of 
1 / x ~ i  (i = 1,2) (not of 1/~cai), as in the case of sphere- 
sphere interactions [4] (For the constant potential case, 
the next-order curvature correction is of the order of 
1/~cai). 

Appendix 

For large values of ~cai, In(Kai) and Kn(Kai) (i = 1,2) are 
approximated as [,12] 

exp0cai) ( 1 -  1 ~al/~n2/2-1/a' 

& ( , r   2-1 8 
Kn(Kai) ~ exp(--Kai) 1 + ~ai/  . (A1) 

On the basis of these approximate expressions, when 
~cai>> 1 (i = 1, 2), we obtain 

~ exp[---2K(R -- ai)] 
G~(i)KZ~OcR) ~ - -  

n = - oo ,1 = - oo 2~cR 
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e x p [ - - 2 K ( R - - a l ) ]  ~ [1  

2KR , = - oo 

exp[ - -2 tc (R - ai)] y exp ( - - - -  
2~cR _ 

= exp[- -21ffR -- ai)] /rucaiR 
21r x / R  - ai ' 

2(R - ai)~ n2/2- 1/8 

R - -  a i 2"~ ~, 
- - - - - -  X lcai R ) dx n = - ~o 

(i = 1, 2) .  (A2) 

Similarly, we obtain 

H~(i)K2OcR) ,~ exp [ - 2K (R - ai)] 

2KR 

( /~tcai 2ei R ) ,  ( i = 1 , 2 ) .  (A3) 
x \ ~ /  R - a  R e R - a i  
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