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introduction

So far we have demonstrated [1-6] that the linearized
Poisson—Boltzmann equation can exactly be solved for
various systems of two interacting charged spherical col-
loidal particles in an electrolyte solution, ie., two ion-
penetrable spheres (which we call “soft” spheres) [1], a soft
sphere interacting with an ion-impenetrable hard sphere,
and two interacting hard spheres at constant surface po-
tential and at constant surface charge density. On the basis
of the obtained analytic expressions for the potential dis-
tribution, we have derived explicit exact expressions for
the interaction energy for these systems [1-6] without
recourse to Derjaguin’s approximation [7].

In the present paper, we apply the above method to the
system of two parallel cylinders of various types, i.e., ion-
penetrable (soft) cylinders and hard cylinders, the latter of
which may have either constant surface potential or con-
stant surface charge density.

Linearized Poisson-Boltzmann equation

Consider two parallel charged cylinders 1 and 2 of radi
a; and a,, respectively, separated by a distance R between
their axes O, and O,, immersed in an electrolyte solution,
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as shown in Fig. 1, where H = R — a; — a, is the closest
distance between the surfaces of the two cylinders. We
employ a cylindrical coordinate system. Let r; and 7,
respectively, be the distances measured from any point
P to the axis O of cylinder 1 and the axis O, of cylinder 2,
and 6, and 0,, respectively, be the angles between PO, and
0,0, and that between PO, and 0,0,. As a result of
symmetry of the system, the potential ¥ is a function of r,
(or r,) and 8, (or 8,) only. We use two cylindrical coordi-
nate systems (r;, 8,) and (r,, 8,). Let the cylinders be either
ion-penetrable cylinders (soft cylinders) or ion-impen-
ctrable cylinders (hard cylinders). For the case of soft
cylinders, we imagine that the particle-fixed charges are
distributed with a constant density p and that the relative
permittivity of the internal region of the soft cylinder takes
the same value as that of the bulk solution. We assume
that the electric potential i at any point in the system,
measured relative to the bulk solution phase (where  1s
set equal to zero), is low enough to obey the following
linearized Poisson—Boltzmann equations, viz.,

M =1y,
where x is the Debye—Hiickel parameter of the electrolyte
solution. For the internal region of each of the interacting
cylinders, the equation for the electric potential i depends

on the type of the cylinders. If cylinder i(i = 1 or 2} is soft
(i.e., permeable to electrolyte ions), then the linearized

outside cylinders 1 and 2 (1)
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Cylinder 1

Cylinder 2

Fig. 1 Interaction between two charged hard cylinders 1 and 2 of
radii a; and a, at a separation R between their centers.
H (=R — a; — a,) is the closest distance between their surfaces

Poisson—Boltzmann equation for  is given by

Ay = 12y — Si inside cylinder 7 , @)
€0

where ¢ and ¢, are, respectively, the relative permittivity of

the solution and the permittivity of a vacuum. If cylinder

i(i = 1 or 2)is hard, on the other hand, the potential inside

it obeys the Laplace equation, viz.,

Ay =0, inside cylinder i . (3)

The boundary conditions are given below. If cylinder
i (i = 1 or 2) is soft, then the boundary condition for ¥ on
the surface of cylinder i is given as follows.

) ) )
Y and a—ll’ are, respectively, continuous across the surface of
n
cylinder i, 4)

the derivative of i being taken along the outward normal
to the surface of cylinder i. The boundary condition at the
surface of a hard cylinder, on the other hand, depends on
the type of the cylinder. If the surface potential of cylinder
i (i=1 or 2) remains constant at yr; during interaction,
then the boundary condition is given by

w:lpoi

If the surface charge density o; (instead of the surface
potential ;) of cylinder i remains constant during inter-
action, then the boundary conditions become

atr=gq . (5)

¥ is continuous at r = a;, and
0 0 g;

& i _ =2 (6)
or r=ay OF |i=at &

where ¢ is the relative permittivity of cylinder i.

Potential distribution for a single cylinder

The potential distribution in and around a single cylinder,
that is, an undisturbed potential distribution, is derived by
solving the corresponding linearized Poisson-Boltzmann
equation for a single cylinder. If cylinder i (i = 1 and 2) is
a soft cylinder, then the unperturbed potential outside and
inside the cylinder ¥ {°(r;) can be expressed in terms of the
modified Bessel functions of the first and second kinds
I,(z) and K,(z) as

Woi Ko ers) s 20
W= o) o
Kl(Kai)Io(Kri) pi
N lp(’i Ko(Kai)Il (K(li) ESOKZ o T = 4

where i, is the unperturbed surface potential of cylinder
i and is related to the density p; of the fixed charges within
cylinder i by

Pi
‘//oi =

88, K

a; Ko (ka;) 11 (xa;) . ®)

If cylinder i is a hard cylinder, then the unperturbed
potential inside and outside the cylinder ¥ ”(r;) (i = 1 and
2) are given by

lpoi %@a ry = a;
oi(Kat;) ‘ 9)
Voi 1< a

vin) =

Here the unperturbed surface potential ,; of the cylinder
is related to the surface charge density g; of cylinder i by
0 Ko(Kai)

&8, K 1(Kai) .

lﬁoi = (10)

Potential distribution for two interacting parallel cylinders
Two soft cylinders

Consider first the case where cylinders 1 and 2 are both
soft. Let the fixed-charge densities of cylinders 1 and 2 be
p1 and p,, respectively. The linearized Poisson—Boltzmann
equations for the electric potential i for the present system
are given by Egs. (1) and (2), which are subject to the
boundary condition (4). It can readily be shown that the
solution to Egs. (1) and (2) can be expressed as the sum
¥ =y0 + ¢ where (¥ (i = 1 and 2) is given by Eq. (7).
The potential distribution for two interacting soft cylin-
ders are thus simply given by the superposition of
the unperturbed potentials produced by the respective
cylinders.



1178

Colloid & Polymer Science, Vol. 274, No. 12 (1996)

© Steinkopff Verlag 1996

Soft cylinder and hard cylinder

Consider next the case where cylinder 1 is soft and cylinder
2 is hard. Imagine that fixed charges are distributed within
the soft cylinder 1 at a uniform density py. Let ¥,; and ¥,
be the unperturbed surface potentials of cylinders 1 and 2,
which are given by Egs. (7) and (9), respectively. The
electric potential ¥ satisfies Eq. (1) for the outside of both
cylinders, Eq. (2} for the inside of cylinder 1 and Eq. (3) for
inside cylinder 2.

Further, we treat the case where the surface potential of
the hard cylinder 2 remains constant at yr,, during interac-
tion. The boundary conditions on the cylinder surfaces are
given by Eq. (4) (with i = 1) for cylinder 1 and Eq. (5) (with
| = 2) for cylinder 2. The sum of the unperturbed poten-
tials, Y = y{"(r1) +¥57r2), where, y{(r)) and ¥57(r2),
respectively, are given by Egs. (7) (with i = 1) and (9) (with
i = 2), satisfies the boundary conditions (4) at the surface
of the soft cylinder 1 but does not satisfy the boundary
condition (5) at the surface of the hard cylinder 2. The
reason is that the unperturbed potential > gives rise to
a non-zero value at the surface of cylinder 2, which breaks
the boundary condition Eq. (5) (with i = 2} at the surface
of cylinder 2. One thus needs an additional potential
\//(1“(72, #,) so as to cancel xp§°)(a2, 0,) at the surface of
cylinder 2 and the potential can then be expressed as the
sum

¥ =y ) + ) + 0., 0,) . (11)

Note that the boundary condition (4) (with i = 1) on the
soft cylinder 1 is automatically fulfilled.

In order to find the form of wm(rz, 0,), let us rewrite
the potential 11/( Y(r,) for the external region of cylinder
1 (see Eq. (7)), viz,

) Ko1(xry)

) = Vo S (12)

on the basis of the (r,, 6,) coordinate system. We employ
the following relation [8]:

Z K +o(KR) I, (kr;) cos (n6;),

n=—-ow

K. (xr)) cos(mb)) =

(j=12i#j) (13)

The corresponding expression for the region r; > R is not
needed for the calculation of the interaction energy be-
tween two parallel cylinders. Using Eq. (13) with m =0,
Eq. (12) can be rewritten as

r5<R.

i K {(«R)I,(xrs)cos(nd,) .

n=-—c

lﬁ (10)(}’2} 62) l/fol

Ko(ray)
(14)

The additional term ¥ {"(r, 8,) must thus take the follow-
ing form:

P00 = Y KRG () cos o),
19
where G,(i) (i = 1 and 2) is defined by
I,
ol =~ (16

Equation (15) indeed cancels y{” at the surface of cylinder
2, 1., ¥ Xa,, 0,) + ' P(a,,6,) = 0. Note that " can be
regarded as an image potential of ‘" with respect to
sphere 2.

We thus find that the potential distribution outside
both cylinders is given by

Ko(iery) Ko(xcrz)
=Y, + I
V=Y Kotear) TV Rofia)
l!/ol -l
Ky n; 3 K, (kR)G, (D) Ka(xrz) cos(nb,) , (17)
and the potential inside the soft cylinder 1 is given by
V= —y Kl(’m1)16(7€i‘1) P1 + Ko(xr»)
" K(ka) s (car) | oo " Kofieay)
l11/01 <
K, (kR)G,(2) K (kr,)cos (nf,) . (18
Ko L KalkRIGQ)K(orz)cos () (19)

The potential inside the hard cylinder 2, on the other hand,
is always equal to ¥/,,.

Similarly, when the surface charge density of the hard
cylinder 2 remains constant at o, during interaction, the
potential outside both cylinders and that inside cylinder
2 are given by Eqgs. (17) and (18) with G,(2) replaced with
H,(2), where H, (i) (i = 1 and 2) is defined by

Ii(ka) — (&i|nl/exa) 1 (ca;)

H,@) = — Ki(ka) — (gi)n)/exa) Ko(ka;)

(19)
The potential inside the hard cylinder 2 is given by

')001 ol Ty (o
Ko(xay) n:/—; . (Z) K, (xR)[I,(xa,)

+ Hi(2) K, (raz)] cos (mb) -

Win2 (T2, 02) = Wor +

(20)

Two hard cylinders

Finally, consider the case cylinders 1 and 2 are both hard.
We first treat the case where the surface potentials of
cylinders 1 and 2 both remain constant at y,; and .,
respectively, during interaction independent of R. The
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boundary conditions are given by Eq. (5) with i = 1 and 2.  As for the potential inside the cylinders, we find

In this case we need, other than zp(l) and l//(l), image ° \gal

potentials of higher orders: ', <3> (2) R xpfi)l( r,00) = Yoz Y (7—1) K, (kR) [ (xay)

Thus we can write the external solutlon to Eq. (1) subject Koliaz) » 2=\t

to the boundary conditions (5) with i =1 and 2 in the + H, (1)K, (ca;)] cos (mb,) , (26)

following form:
= e e P +
+Y PV )+ Y g
Y YT ),
where ¥ and Y\ are given by Eqs. (12) and (15), and

A (PR

oy

o2y

Ko(Kdl)m;w nz_z—oo mvi-wLﬂ(nl, Mgy 0 sMay—2)
Ky (kR Ky, 505 (€R) Gy, (2K, (172)
xcos(nay—106,), (v=2,3,...), (22)
Y50 60,)
__Va i i S Los(nns - na)
KO(Kal) =—oo np=— nyy=— o
X Ko, (kKR) Ky, (kr1)cos(nz,01), (v=12,...), (23)
with
La1(g, 1z, -, 12,) = Ky, (KR) K, 40, (KR)
X o+t X Ky yemyy (KR) Ky, -y 405, (KR)
X G (2) Gy, (1) % -+ X Gy, (2) G, (1) (24)

Expressions for ', y* ™", and ¥'?” can be derived by
the interchange r1<—»r2, 01<——>62, 410y, Yo <> Wqa, and
G,(1)> G,(2) in Eqgs. (15) and (22)—(24). The potentials
inside cylinders 1 and 2 are always constant at /,; and v/,
respectively.

If, on the other hand, the surface charge densities of
cylinders 1 and 2 maintain constant at ¢, and o, respec-
tively, then the potential distribution is given by replacing
L, by M,; and G,{i) by H,(i) in that for the constant
surface potential case, where M, is defined below.

Km +n; (KR)an +ns, (KR)

M;i(ny,na, ... JMay) =

oo XKﬂzv—z‘*ﬂzv‘l(KR)Kﬂzvfl+Ilzv(KR)
x H, ()H,,(1)x -

xHy,, (2H,, (1) (25)

Y2y, 04) =

B © {m]|
eI )
X Kp(KR) Ky (kR)Hy, (2)
x [I,(kay) + Ho(D)K n(kay)] cos(méy) , (27)
Vi (rs,0)

B lﬁoz ) @ 0 ry N2y ~1]
w2 B

ng=-—ow Ny=—0w Nzy—1= — 0O al

><M12(n1,n2,

x [

>y — 1) Km (KR)anv—2+ﬂ2v~1 (KR)
(ka1) + Hy,,_ (1)Kn,, . (ka1)] cos(nay -1 64),

(v=23..), (28)
v Yo - od > [\
vy, o
! ( ! ) KO(Kal) n1=Z~oo n2=z-oo nz\.;—oo ay
X Myi(ny,np, ... hay—2) Ky (KR)K 4y, (KR)
- X K“Zv—1+n2v(KR)Hn2v~l(2) [IHZV(Kal)
+ H,, (DK, (ka)]cos(ny,6y), (v=2,3,...). (29

Expressions for :pmz(m, 8,), lﬁmz(rz, 2), lp;j;‘”(rz, 0,) and
wfj;’(w 5,02) can be derived by the interchange r;<«>r,,
01505, a;eaz, Yo1+>Yo, and H (1)«>H,(2) in Egs.
(26)—(29). Note that one can change the coordinate system

from (r(,0,) to (r,,0,) and vice versa using Eq. (13).

Interaction energy between two parallel cylinders

The free encrgy of the present system can be obtained by
applying a method of Verwey and Overbeek [9]. The free
energy of the system of two interacting cylinders is
expressed as the sum of the free energies of the respective
cylinders, the form F of which depends on the type of the
cylinders. If cylinder i (i = 1 or 2) is a soft cylinder with
a fixed-charge density p;, then the free energy of cylinder
i per unit length is given by
1
Fi=+—{pydv, (30)
2y,
where the integration of the product of the potential ¥ and
pi 1s carried out over the volume V] of cylinder i per unit

length. If cylinder i (i =1 or 2) is a hard cylinder with
a constant surface potential ¥, then the free energy of
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cylinder i per unit length is given by

Fi=—2 | oudS, 61)
23,
where a; is the surface charge density of cylinder i, which is
not a constant but depends on the cylinder separation R.
Finally, if cylinder i (i =1 or 2) is a hard cylinder with
a constant surface charge density ¢;, then the free energy of
cylinder i per unit length is given by
Fi=+—1—50'ilﬁdS. (32)
23

Here the integration in Egs. (31) and (32) is carried out
over the surface S of the cylinder per unit length. Note that
Egs. (30)~(32), which correspond to the linearized form of
the free energy expressions for the respective cases, are
consistent with the linearized Poisson—Boltzmann Eqgs. (1)
and (2). The total free energy per unit length is the sum of
the free energies Fy and F, for the respective cylinders. The
clectrostatic interaction energy V(R) per unit length can
thus be expressed as the free energy of the system of
two cylinders 1 and 2 at separation R minus that at
infinite separation, viz., V(R) = {Fi(R) + F,(R)} — {Fi(0) +
F(c0)}.

Consider the case where both cylinders are hard. We
first treat the case where the surface potentials of cylinders
1 and 2 both remain constant at y,; and y,,, respectively,
during interaction independent of R. On the basis of the
above obtained results and the free energy expression (31),
we finally obtain the required result for the interaction
energy per unit length between two parallel hard cylinders
with constant surface potentials ,; and ,,, viz.,

Ko(kR)

V(R) = 27‘588&#01 I/IOZ m

S GuQK2(kR)

n= —aw

1
+ mee W2 ————
Ver K(Z)(Kal)

1

mz—) z Gn(l)Kﬁ(KR)

1
Ko(xa)Ko(kay)

+ meg 2,

-+ 27'[880 lpol l/,02

XY Y Gu@Ga(DKNRIK s nlcR)Kn(cR)
4+ - + TEE ,’p lﬁ __I__m
°TelTO? Ko(rar) Ko(icay)

Z {L21(n1,n2, s ay)

N3,= — 0

IMS
D18

X

n;=—o0 1,

=+ LlZ(”l: Ry oensy n2v)}Kn1(KR)Kn2‘,(KR)

— 0

@ © o l//%l
+ mee,
Z Z nZV,Z — I:K%(Kal)

ny=—0w N2= ~w
X Lyy(ny,na, ..

&P

K§(xay)

M2y 2) G2y 1(2)
Lis(ng,n,, ... 9n2v72)G2v—1(1)}

X K, (kR)K ., 41, (KR)K,,, (KR) + -, (33)

where Ly, is obtained from L,,; by the interchange
G,(1)«>G,(2) in Eq. (24).

The interaction energy per unit length between hard
cylinders 1 and 2 with constant surface charge densities o
and ¢, is obtained by replacing G,(i) by H,(i), L,y by
M,; and Ly, by M,, in Eq. (33). Here M, is obtained
from M,; by the interchange H,(1)«>H,(2) in Eq. (25).
Note that in this case the unperturbed surface potentials
Yo (i = 1 and 2) are related to g; by Eq. (10).

Results and discussion

Equation (33) is an explicit exact expression for the inter-
action energy between two dissimilar hard cylinders at
constant surface potential. It can be shown that the leading
term of the interaction energy, i.c., the first term on the
right-hand side of Eq. (33), denoted by V ®(R), coincides
with that obtained by the linear superposition of the un-
perturbed potentials y{”(r,) and w(zo)(rz) [11]. It is also of
interest to note that if cylinders 1 and 2 were both soft
cylinders, the interaction energy (calculated via Eq. (30))
would be given by only this term. If cylinder i (i = 1,2)
were not hard but a soft cylinder (with cylinder j kept hard
(j=1,2; j #1)), then the interaction energy would be
equal to the sum of only ¥V @(R) and V{"(R), where the
second and third terms on the right-hand side of Eq. (33)
are, denoted by V{’(R) and V;(R), respectively. The
interaction V{”(R) depends only on the surface potential
Yo of cylinder i (i = 1,2) and can be interpreted as the
interaction between cylinder i and its “image” with respect
to cylinder j (j = 1,2; j # i). Note that this image interac-
tion is always attractive. If, on the other hand, the charge
density on the cylinder surface (instead of the surface
potential) remains constant during interaction, the image
interaction may be either repulsive or attractive in contrast
to the case where the surface potential remains constant.

The expressions for the potential distribution and the
interaction energy at constant surface charge density de-
rived in the present paper correspond to the case of two
surface-charged hard cylinders. It can readily be proven
that the same expressions can be applied also for the case
of two space-charged hard cylinders, i.e., to the case of two
hard cylinders with constant space charge density except
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for expressions for the unperturbed potential distribution
inside the cylinders, ¢§°’(ri) and for the relation between
the particle charge density p; and the unperturbed surface
potential y,;. These expressions are derived as follows. If
cylinder i (i =1,2) is charged at constant space charge
density p;, then the potential inside cylinder i must satisfy

Pi
Ay = — 34
¥ Py (34)
 is continuous across the surface of cylinder i (35)
i LV
= 36
6r r=ar 6r r=at (36)

instead of Egs. (3) and (4). On the basis of these equations,
we obtain the following expressions for the relationship
between p;, and

pia; Ky(xa;)

Voi = 2¢g;8, Ky (ka;) 7
and for ¥V (r;):
) =+ g @t =) n<a (38)

10

Finally, we give below approximate expressions for the
interaction energy for the case where xa; > 1 and xa, > 1.
In this case, on the basis of Egs. (A2) and (A3), it can be
shown that Eq. (33) tends to

exp(—wrH)
2meeg o1 Worn/ KaA1a2 T

\[ exp(—2xH)
30——“R 01511

xaR
R — a4y

for the constant surface potential case and to

VIR)= 2

Ka,R
R —a,

+vla, (39)

—xkH

V(R) & 2./2n eg, o1 Woa /KA1 %
+\/- exp(— 2KH)|: 20 xa,R
R.“'az

Wi | R
e \ nkay(R — a,)
ka;R 2ey | R
R —ay {1 e nrka; (R — al)}J (40)

for the constant surface charge density case. Further, at
small particle separations H<«a; and H<«a,, Eq. (39)

+ ¥ 2a,

reduces to

Kayay
+

~ e, / exp( H) W2 + ), (@1)

and Eq. (35) to

V(R) ~

2/ 2m eeYortar - oxp(—xH)

Ka{d,
+—a2

+ \/_ / exp( 2xH)
X |:‘P§1 <1

2 1 1
+x//§z<1——8—1 —+—>}
ﬁ e \Vka, xa,

Equations (41) and (42) agree with results obtained
via Derjaguin’s approximation (see ref. [13] for the case
of identical cylinders at constant surface potential).
Equation (37) shows that the next-order curvature correc-
tion to Derjaguin’s approximation is of the order of
1/\/;Tai (i =1,2) (not of 1/kg;), as in the case of sphere—
sphere interactions [4] (For the constant potential case,

the next-order curvature correction is of the order of
1/ka;).

V(R) ~ 2/ 2n £¢, '»bol lpoz

exp(—xH)

2 & |1 1 )
_———— = _+_
ﬁs Ka, Ka,

(42)

Appendix

For large values of xa;, I,(xa;) and K, (xa;) (i = 1,2) are
approximated as [12]

I(Ka)NeXp(mi) 1 Ly
e ~4/27mai Ka; ’

- 1 n?/2-1/8
K, (ka;) = e exp(—xai)<1 + E) .

On the basis of these approximate expressions, when
kai>»>1 (i = 1,2), we obtain

a0 . 2 [ve] —2 R____
Y Gu)KikR)~— Y exp[ 2’;(11

AT

(A1)

a;)]

1 — 1/ka; n?/2-1/8
L+ l/Kai>:|
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PR —a)] &

= 2xR _Z

(R —aVl ©
~_ exp[ —2x(R — ;)] [ exp( - R
2kR e ;
_exp[—2«k(R—a)] [nxaiR
- 2R R-—a’

2(R — ai)an/ 2-1/8  Similarly, we obtain

1 —
n-—oo|: KaiR

—3R X )dx

(i=1,2).

n=-—ow

(A2)

S H,()K2(R) ~

28i

exp[—2x(R — a;)]

2xR

o nka; R
R — a; ¢ R— a;

R ), (i=12). (A3)
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